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ABSTRACT
In recent years, it has become a matter of engineering 
importance to describe the mixing of two miscible fluids when one 
is displaced from a porous medium by the other. Several models, 
including statistical models, have been proposed, and derivations 
from them have usually resulted in dispersion or diffusion equa­
tions, analogous to Fick's law.
It has been found in the research reported here that a 
small bore tube is analogous to a porous medium insofar as are 
concerned the transport properties of a flowing fluid, and thus 
a tube of circular cross-section can serve as a model of a porous 
medium. The characteristic length of a porous medium that corre­
sponds to the tube diameter is the square root of its permeability.
It was found that for certain limiting conditions, which 
included similarity of viscosity and density of the two fluids, 
that Taylor’s description of fluid mixing in a small bore tube 
could be extended to mixing in a porous medium. The analogous 
equation contains only one parameter, (DL/UK). Relationships be­
tween hypothetical pore diameter and particle size and permeability 
were found, and should facilitate further research.
The findings reported here, while strictly applicable to 
only a narrow range of operating conditions, appear to be approxi­
mately applicable to a much wider range. Furthermore, they should 
provide a basis for further research in which a small bore tube is 
taken as a model.
vi
CHAPTER I
INTRODUCTION
The use of high pressure gas to recover petroleum from 
underground deposits has introduced to engineers a problem of con­
siderable importance. The problem is to describe the mixing of two 
miscible fluids when one is displaced from a porous medium by the 
other.
The usefulness of such a description would extend beyond its 
application in petroleum production, however, since there are a 
number of important phenomena involving miscible fluid displacement. 
The invasion of underground fresh water supplies by soluble con­
taminants, and the continuous flow of reactants through a fixed-bed 
reactor are two examples of phenomena to which the description might 
apply. Thus, an inquiry into the nature of miscible fluid displace­
ment may be considered basic engineering research in the fields of 
fluid flow and mass transfer. (Henceforth in this dissertation, the 
term •'miscible displacement" will be used to mean "the displacement 
of a fluid from a porous medium by another fluid miscible in the 
first
Because of its economic significance to the petroleum in­
dustry, most of the research (both laboratory and field scale) that 
has been reported has been sponsored by that industry. In the decade 
following the early reports of feasibility of the high pressure gas 
techniques of petroleum r e c o v e r y t h e r e  has developed a sizeable
2literature of miscible displacement. However, much of it is con­
cerned specifically with petroleum recovery, and is not general in 
nature.
The research reported here was conducted in an attempt to 
describe this mixing in terms of measurable quantities, such as 
permeability, coefficient of diffusion, velocity, and path length.
It has been directed by Dr. D. U. von R o s e n b e r g , 39 one of the 
earliest investigators to report laboratory research in this field. 
The experimental work reported here was performed on a somewhat re­
stricted system, as was that of von Rosenberg. That is, the system 
studied was a liquid-liquid one, in which the viscosities and 
densities of the resident and invading fluids were virtually identi­
cal. There were also other restrictions which will be explained 
in the following chapters.
The necessity of these limitations is clearly shown by a 
review of the literature. The general problem, as stated, is 
actually a complex of related problems, and at the present state 
of knowledge of the subject, it is necessary to consider each of 
these separately. The reasons for this will become evident in the 
next chapter.
Although the experimental system studied is restricted, and 
the results have only limited direct application, it is believed 
that the theory of mixing which is proposed can serve as a basis for 
the formulation of a general theory.
CHAPTER II
THEORETICAL CONSIDERATIONS
A. General
When a soluble substance is dispersed in a moving incom­
pressible fluid, changes in concentration at a point result from 
both molecular diffusion and convection. This process may be ex­
pressed by the following analytical equation if change of volume 
with mixing is negligible.
= D V  2C -"v* V C ,  (1)
d t
Here C = concentration of dispersed material 
V = the velocity vector 
t = time
D = molecular diffusion coefficient.
In general, D is a function of concentration and temperature, and
V, a function of time, position, and viscosity. Thus, in order to
find a solution of this equation--to express C as a function of
position and time--it is necessary to know not only the applicable
boundary conditions, but also certain functional relationships of
V and D. By making appropriate simplifying assumptions, one can
1 22 36 37find solutions for cases of simple boundary conditions. ’ ’ *
The equations become hopelessly complicated, however, when applied 
directly to porous media. Because of the complexity of describing 
miscible displacement, it is felt that the best approach is to first 
consider the general nature of porous media, then fluid flow in porous
media, and finally mixing of fluids. That is the approach taken 
here.
B . Porous Media
The detailed structure of a porous medium, such as a column
of glass beads, an oil-bearing porous rock, a fixed-bed reactor,
or an underground sand stratum, is generally very irregular, and
31can only be practically described by statistical properties.
The two best known of these are permeability and porosity, although 
there are a host of others, some of which have only specialized sig­
nificance. These include sphericity, roughness, and average diameter 
6 41of particles, tortuosity, ’’ratio of internal volume per unit bulk 
volume to internal surface per unit bulk volume”^  (hereafter called 
the ’Volume to surface ratio"), relative permeability,^ and a number 
of distribution functions.
While it is obvious that in the general case a porous medium 
consists of a random arrangement of particles best described by 
statistical parameters, a good insight into the nature of a porous 
medium can be had by considering simple hypothetical cases. This is 
usually done by imagining a medium composed of systematic arrange­
ments of uniform spheres. An excellent and exhaustive study of this
17nature was made by L. C- Graton and H. J. Fraser . A somewhat 
simpler treatment is given in G. G. Brown’s Unit Operations. The 
former authors approach the study from the concept of unit cells and 
unit voids. They show that there are only a very few fundamentally 
different simple and systematic ways of packing uniform spherical 
particles, and they discuss the relationships between permeability,
porosity, orientation and void space in their different cases.
Perhaps, before proceeding, the author should define the
the terms permeability and porosity. As used here, permeability
14means the constant of proportionality in Darcy's equation relating 
average pressure gradient to average flow rate in a porous medium.
It will be discussed in more detail below. Porosity is the ratio 
of volume of voids to total volume of a medium. Both of these 
terms have a more general currency and are apt to be confusing 
unless specifically defined.
A study of the two above-mentioned publications shows that 
even in systematically packed beds there are large local variations 
in free cross-sectional area. That is, a fluid flowing in a local 
area (of the same order of magnitude as the size of a discrete 
particle of packing) of such a bed would encounter a wide variation 
of free space normal to its mean direction of flow. If, for example, 
one wished to solve the Navier-Stokes equations^® for such a flow 
situation, he would find it difficult, if not impossible, to ex­
press the boundary conditions analytically.
It is further shown that the free cross-sectional area 
presented to a flowing fluid depends upon the spatial orientation 
of the unit cells and thus, "while each case of packing has a single
and characteristic porosity, it has no single and characteristic 
17permeability...."
The hypothetical models also help illustrate another important 
characteristic--the relatively large amount of surface in porous 
media. This is perhaps best characterized by the parameter, volume 
to surface ratio. This quantity, which is generally very small,
may be considered a characteristic length. G. M. Fair and L. P.
12Hatch proposed an identical quantity as a characteristic hypo­
thetical pore diameter. Using this parameter to compare porous 
media to other fluid conduits, it is seen that they are similar 
to very small bore capillary tubes. For uniform spheres, volume 
to surface ratio is given as a function of porosity and particle 
radius by Equation (2).
B = Pr/3(1-P), (2)
where B = volume to surface ratio 
P = porosity 
r = particle radius.
The derivation of this equation is given in Appendix A.
The significance of this variable will be discussed below. 
The only other statistical parameters that will be used in the 
analysis of results are permeability, porosity, and average partic 
diameter.
C . Fluid Flow in Porous Media
With these considerations in mind, let us now turn to the 
flow of a viscous fluid through a porous medium. The discussion 
will be limited to liquids flowing at constant average velocities. 
Three important characteristics of the flow at constant average 
velocity of a small fluid element are immediately noted. It is 
constantly subjected to accelerations and decelerations because 
of the varying free cross section; it is influenced by relatively 
large shear forces because of the large surface; and its position 
relative to neighboring fluid elements is continuously changing.
Thus, both body forces and shear forces contribute to energy dissipa­
tion, even though the flow be laminar. (Turbulent flow will not be 
considered here.) Also, the effect of convection on dispersion 
seems relatively large, because of the irregularity of the stream­
lines .
One of the most familiar and useful equations relating the
£
dynamic properties of viscous flow is that of Darcy. We shall use 
it here in the following form:
q =  (KAg/u) (frp/Al), (3)
where q = volumetric flow rate
A = cross sectional area of bed
= viscosity 
g = gravitational acceleration
= average pressure gradient in the direction of flow 
K = permeability.
This equation relates the average flow rate to the average pressure
gradient. Its similarity to the Hagen-Poiseuille equation
(Equation 4) for flow of viscous fluids in tubes of circular cross 
section is immediately seen.
q = ( IT D4g/128q) (4)
where D = tube diameter.
This equation becomes analytical upon the assumptions of fluid
continuity and incompressibility and of constancy of viscosity.
2
It has also been verified experimentally.
A comparison of these equations shows that permeability, with 
dimensions of length squared, is analogous to the square of the tube
diameter. There have been a number of attempts to make this analogy 
6 121 23more complete * 5 ’ , and/or to predict values of permeability
15,27
from geometrical and phenomenological considerations. However,
these have generally involved hypothetical quantities and quantities
not directly measurable.
The relatively simple parameter, surface to volume ratio,
12is shown by Fair and Hatch to be approximately proportional to 
the square root of the permeability. This is not surprising if one 
considers that permeability represents a resistance to flow, and 
that shear forces result from fluid contact with solid boundaries, 
and that shear effects are diminished according to the relative 
volume of the fluid. While the above-mentioned authors have 
attempted to make this relationship more sophisticated, it serves 
our purpose just to note the simple proportionality.
More recently, the problems of hydrodynamics in porous media 
have been approached from a statistical v i e w p o i n t . ^ ' s t a t i s ­
tical" as used here refers to probability concepts, rather than to
the above-mentioned "statistical parameters.") The philosophy of
33
this approach is well stated by A. E. Scheidegger, who concludes: 
"Therefore, it appears to this writer that the only hope for an 
ultimately logically satisfactory treatment of the flow through 
porous media is to apply methods of statistics." While this ap­
proach does indeed show great promise, at present its results seem 
generally too abstract for direct application to engineering problems.
This has been only a brief discussion of fluid flow in porous 
media, but it has illustrated some facets of the subject essential to 
the following discussion of miscible displacement.
9D. Miscible Displacement
When one considers miscible displacement he is referring not 
to the flow of a single homogeneous fluid, but rather to the flow 
of either two fluids or a single fluid in which there are concen­
tration gradients of a dispersed solute. In general he may seek 
to find the effects of such factors as velocity, viscosity, 
permeability and coefficient of diffusion on rate of mixing, 
length of front CL .e_. the mixed zone), etc.
One of the earliest investigations into these phenomena was 
reported in 1941 by V. V. Hendrix and R. L. Huntington^®, who found 
that the amount of mixing was a minimum when the Reynolds Number 
was about unity. In the early 1950*s there were a number of reports
of the feasibility of using miscible displacement techniques to re-
11,18,40
cover underground petroleum. In more recent times the
literature has grown considerably.
A survey of this literature shows that the description of
miscible displacement is not a single problem, but a complex of
related problems. For example, if the two fluids are of different
viscosities, the nature of the results will depend upon whether the
more viscous fluid is the resident or invading fluid. If it is the
resident fluid (unfavorable viscosity ratio) instability and finger-
5
ing are likely to result. Thus, it has been necessary to consider
28 29
"Stability Theory." ’ If the fluids are of different densities,
then density gradients must be taken into account. In general, it
is also necessary to consider radial dispersion as well as longi-
3,31,33
tudinal dispersion. The study at hand has been limited to
cases in which the two fluids are liquids of virtually identical
10
viscosities and densities, and in which radial concentration 
gradients are negligible on a macroscopic scale. This represents 
a great simplification of the more general problem, but it is be­
lieved to be a logical point of departure for future studies.
One of the earliest investigations of the problem thus
restricted was reported by von Rosenberg.^ jiis results show
a close similarity to those obtained by Sir G. I. Taylor^ for 
miscible displacement in a small-bore tube, von Rosenberg reasoned 
that the analogy could be made complete if the average lateral 
distance for diffusion could be characterized by a single dimen­
sion.
35 36
Taylor * has obtained approximate analytic solutions for 
modified forms of Equation Cl) applied to small bore tubes. He has 
done this by visualizing two limiting cases. In the first, disper­
sion is the result of convective transport alone, diffusion being
neglected. This situation is described by Equation (5) for the
case in which a solution of constant concentration enters a tube 
which initially contains only solvent.
cm = C0 (1 - -£-) , 0 < X < U0t, (5)
where CQ = concentration of invading fluid
U0 = maximum velocity 
t = time measured from introduction of solution
X = longitudinal distance, measured from tube
entrance.
Cm is the average concentration, defined by Taylor in Equation (6), 
for axisymmetrical distribution of concentration.
11
(6)
where C = jjoint concentration 
a = tube radius 
r = the radial co-ordinate.
It is noted that these equations take into account the parabolic 
velocity distribution of laminar flow in tubes of circular cross- 
section.
In the second limiting case, the time necessary for appre­
ciable effects caused by convective transport is assumed to be long 
compared to the "time of decay" during which radial variations of 
concentration are reduced to a fraction of their initial value 
through the action of molecular diffusion. It is further assumed 
that molecular diffusion in the longitudinal direction is negligible. 
(This last assumption was experimentally found by Taylor to be justi­
fied for a potassium permanganate solution.)
It is the second case with which we are most concerned here. 
The physical model represented by this case is one in which radial 
concentration gradients are rapidly erased, and longitudinal con­
centration changes are caused only by convection. Using the 
analytical velocity distribution for laminar flow in a tube of 
circular cross-section,
r2U = UQ (1 - iy) ,
ar
(7)
where U = velocity at a point,
Taylor writes Equation (la) in the following form.
12
ill 1 ? C = a ^ A C  + ^ H £  ^  - Z2)
^ z2 Z 5 Z D ^ t  D 2 5 Xi ’ (la'
where Z = r/a
Xx= X - U„t/2
-v2
Thus the problem is simplified by (1) neglecting the term
9 X
(2) considering a situation in which the only velocity component is 
the longitudinal one, (3) using a co-ordinate system that moves with 
the mean speed of flow, and (4) assuming D to be a constant.
Taylor further shows that on the basis of the assumptions 
made, the equation governing longitudinal dispersion is reduced to 
Equation (8).
v 2C
k -s— ® = „_q> cm £8)
^X]2 d t ’ W
a2U 2
where k = ° , now known as the "Taylor Diffusion Coefficient,"
192D
This equation is analogous to Fick*s Law,^ of course, but there is 
the remarkable difference that the Taylor coefficient of diffusion 
is inversely proportional to the molecular coefficient of diffusion.
It predicts a dispersion symmetrical about a plane which is normal
to the direction of flow and which moves with the average velocity. 
For the case in which the tube is initially filled with pure solvent, 
which is displaced (beginning at X = t = o) by a continuous flow of 
solution, Taylor gives the solution as
(C/C0) = 2 " 2 erf 4  Xl k ^ 11  ^ ^
C
2 I -Z2where erf Z = — —  \ e dZ ,
irr /o
and erf (-Z) = - erf Z.
13
The limiting conditions of applicability of this solution 
are given by Taylor as
>> —  >> 6.9 , (10) 
a D
where Al represents the length in which the greater part of change 
in concentration takes place. He arbitrarily suggests ratios of 
10:1 between the terms of the inequalities.
Upon the assumption of the existence of a characteristic 
length, b, and an average velocity, U, for flow in a porous medium 
we may write the following dimensionless equation.
C “ 2 " 2 erf 2 V<Ub2) J
Vv
where C = average dimensionless concentration 
L = the path length 
V = pore volumes flowed.
This equation refers only to longitudinal dispersion, and takes no 
account of radial dispersion. Its derivation is given in Appendix B. 
The concentration, C, is expressed as volume of invading fluid per 
volume of mixture. It replaces both Cm and C/Co in the following 
discussion.
32 34Scheidegger ’ arrives at a similar equation from statistical
theory:
c <Xl t) - A - i erf £ L ~-V 1 , (12)
2 2 VSt
where Vp is pore velocity. He points out that D is equal to the 
molecular diffusion coefficient only at very low velocities. His 
experimental results show however that there exist for each run a 
single value of D that makes the predicted values of C agree very
14
closely with the observed values over the entire mixed zone.^
His interpretation of the experimental results suggests that 
there is perhaps another effect, not yet accounted for, but he finds 
it difficult to speculate upon its nature. Perhaps there is a signi­
ficant capacitive effect caused by stagnant regions of fluid, but this 
is only speculation. Such an effect has been reported by C. F. 
Gottschlich.^
31Two others who have used statistical approaches are Saffman 
and G a r d n e r ^ .  Saffman has used a random walk model, and his results 
are encouraging, but they indicate the need for further theoretical 
and experimental investigations along this line. Gardner's model is 
a bundle of interconnecting capillary tubes of different radii, and 
accounts for lateral as well as longitudinal dispersion (as does 
Saffman's model). His basic assumptions seem subject to question, 
however, since his conclusions are somewhat at variance with ob­
servation.
It appears generally true of all investigators, regardless of 
whether they have taken the statistical or phenomenological point of 
view, that they have assumed some sort of diffusion equation (e-£* 
Equation («)) to be the best description of dispersion. The problem 
then centers about Cl) finding a predictable "coefficient of disper­
sion," and (2) predicting the relative effects of molecular diffusion 
and convective transport (which is essentially the same as problem
Cl))-
Considerable progress has been made toward this end, and 
several writers have proposed more or less acceptable statements
of dispersion coefficients for certain restricted cases.3,4,5,31,32 
There have even been attempts to combine two or more of these
4 13parameters, giving proper weight to each flow regime present. ’
Yet, at present, there obviously remains much to be done toward 
finding a practical description of miscible displacement suitable 
for engineering purposes.
CHAPTER III
EXPERIMENTAL APPARATUS AND PROCEDURE
According to the theoretical considerations, it is possible 
to describe the mixing of two miscible fluids in a porous medium, 
when one is displaced by the other, by stating concentration as a 
function of time and distance travelled, if certain parameters of 
the fluids and the medium are known. It is desired, then, to find 
this functional relationship, as well as the nature and effect of 
the parameters. The dynamic variables in miscible displacement 
appear to be concentration, time, position, and velocity. The 
parameters involve permeability, porosity, and volume to surface 
ratio of the medium, and molecular diffusion coefficients of the 
fluids. The laboratory experiments were designed so that these 
quantities could be varied and measured in a number of miscible 
displacement situations.
The equipment was constructed in a manner similar to that of 
5,20,32,39
other investigators. It consisted in each case of a packed
bed of glass beads in a Lucite column. (A schematic drawing is shown 
in Figure 1.) The bed was first saturated with the resident fluid, 
and then this fluid was displaced by pumping into the column the 
invading fluid from the lower end. As the zone of mixed fluids 
passed the upper end of the column, small samples were taken for 
concentration determination. Recorded observations included con­
centration of each sample, time each sample was taken and duration
16
Hypodermic Needle 
Sampling Point.
Reservoir of 
Invading Fluid- Graduated
Cylinder
Lucite Pipe,
Packed with Glass Beads
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Controlled 
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Three-way Valve 
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FIGURE 1
SCHEMATIC DIAGRAM OF EXPERIMENTAL APPARATUS
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of the sample, length and diameter of the column, flow rate, particle 
size of packing, weight of packing, concentration of pure invading 
fluid, and ambient temperature during each run.
The columns were constructed by pressure fitting Lucite end 
plates onto segments of Lucite tubes. Between each end plate and 
the column were two synthetic rubber gaskets. The two gaskets 
sealed the column and supported a 175-mesh stainless-steel screen, 
which completely covered the cross-section of the column. The 
screen at either end of the column had a dual purpose of retaining 
the packing, and of providing a more favorable pressure distribution 
in the fluid. The lower end plate was fitted with a 1/4-inch pipe 
connection leading to a three-way valve, through which the invading 
fluid was introduced. The upper end plate was filled with a 1/8-
inch pipe connection, through which the effluent left the column.
Connected to the l/8-inch fitting was a large hypodermic needle, 
which facilitated sample taking and collection of effluent. The 
total volumetric capacity of the end connections was about three cc.
As it was desired that there be little or no radial velocity 
gradient in the column, there was inscribed on the inside surface of 
each end plate a design of radial lines leading from the central 
hole almost to the column wall. The lines were about 1/32-inch in 
depth. With the fine mesh screen pressed against this design in 
the packed column, the tendency for the fluid to flow in a central
channel in the bed was diminished.
There were three columns used: one 66.1 cm. long by 7.5 cm
inside diameter; one 112.1 by 6.3 cm; and one 134.0 by 5.0 cm. The 
wall thickness of each was about 1/4 inch. The columns being
19
constructed of transparent material made it possible to observe the 
mixed zone as it moved up the column.
The glass beads used to pack the columns were manufactured 
by Microbeads, Incorporated, of Jackson, Mississippi, and were of 
three sizes; 20-30 mesh, 40-50 mesh, and 60-80 mesh. While they 
were specified by the manufacturer as containing a "minimum of 95% 
true spheres," they might be better described as "approximately 
spherical." Before being packed into the column, the beads were 
screened to remove those sizes outside the specified limits, and 
then were washed in hydrochloric acid solution, potassium perman­
ganate solution, and large amounts of water. Only one size range 
of beads was used in any packing.
The beads were introduced into the assembled column by 
blowing them in through a side opening with compressed air. They 
were blown-in in small batches to minimize pneumatic size selection. 
Tamping was accomplished by continually beating the column with a
j rubber mallet during filling. Observation of colored solutions
flowing through the packed column indicated that the packing was 
very nearly uniform when the large beads were used, but some 
channelling was observed in the smaller beads. The effect of this
i
! channelling will be discussed more fully in the discussion of results.
The invading fluid used was a weak potassium permanganate 
solution, and the resident fluid was distilled water. This combina­
tion of fluids was chosen for several reasons. Their viscosities 
and densities were almost identical. The intense color of the solu­
tion facilitated spectrophotometric concentration determinations, 
even with very weak concentrations. There appeared to be no chemical
S'
I
20
action of the permanganate on the glass or Lucite. Furthermore,
this combination had been use^ i in earlier experiments by Sir Geoffry 
36
Taylor, and the coefficient of diffusion of potassium permanganate 
in water was known fairly precisely.
Preliminary experiments indicated that a 100 part per million 
(hereafter abbreviated to "ppm") by weight solution of potassium 
permanganate in water, and weaker solutions followed the Beer- 
Lambert law. That is, the logarithm of the light transmitted by 
the solution is proportional to the concentration of the solution 
and the length of the light path. An invading fluid concentration 
of about 75 ppm was used in all the experiments reported here. The 
concentrations of the samples were determined by measuring their 
transmittance with a Beckman Model B spectrophotometer, and then 
applying the Beer-Lambert law. Standard solutions were prepared 
for each run, and transmittance versus concentration of these 
standards was plotted on semi-logarithmic graph paper. The con­
centrations of the samples were then read directly from the graph, 
their transmittance being known. It was found that concentration 
could be determined within range of precision and accuracy of about 
.3 ppm. To do this it Was necessary to use a primary and secondary 
standard of pure water with the spectrophotometer, and to use the 
same specimen tube for all the samples of one run. This is the 
technique that was used. It is summarized in Appendix H.
In a typical run, after the column was packed, it was saturated 
with distilled water by first displacing the air from the packing with 
carbon dioxide, and then introducing distilled water through the 
three-way valve. The water was allowed to flow until the column was
21
saturated, and the dissolved carbon dioxide had been washed out.
As well as could be observed, this procedure gave complete wetting 
of all surfaces. Then the permanganate solution was pumped in 
through the other port of the three-way valve. Before the first 
recorded run was made with each column, a preliminary run was made 
in order to allow the permanganate solution to react with any 
chemically active substances in the column, such as residual carbon 
dioxide.
The starting time (time of introduction of resident fluid) 
was recorded, and the effluent from the column was collected for 
measuring. When the mixed zone had almost reached the top of the 
column, sampling was begun, and continued until the effluent was 
virtually pure invading fluid. Sampling consisted of taking three 
to four ml. samples of the effluent in numbered bottles, and re­
cording the time and duration of the sample. About twenty samples 
were taken during each run. All times were recorded to a precision 
of the nearest second. Thus each sample was approximately .004 pore 
volumes or two to four percent of the mixed zone.
It was desired that the flow rate, or velocity of the fluid 
be constant, during a run, thus making velocity a parameter of the 
system rather than a dynamic variable. For this reason, a positive 
displacement, Model T6S Sigmamotor pump was used. Unfortunately, this 
pump delivered a slightly pulsating flow, and the flow rate tended to 
increase slightly during a run. In a few cases, because of a mal­
function, the flow rate would decrease significantly. Spot checks 
made during the run showed flow rate variations as high as 10 percent 
from the average rate, but in those runs reported, a 5 percent variation
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was taken as the maximum permissible, and with most of the runs, the 
variation was less than 3 percent. The average flow rate before 
sampling was determined by dividing the volume flowed prior to the 
first sample by the time required. In each run, the flow rate was 
also measured during or just after the sampling by recording the 
time required for 100 ml. to flow.
Table I is a summary of the runs reported here, classified 
according to the parameters of the systems. It is noted that the 
length of column, L, is the distance travelled by the fluid par­
ticles, thus making this variable a parameter of each system, rather 
than a dynamic variable, in the analysis of results.
In addition to the primary experiments, there were several 
incidental investigations that were necessary. The most important 
of these was the determination of the permeability of the packings.
The data for these determinations were taken by tapping a manometer 
across each packed column and recording the differences in head 
across the column at several different flow rates. Ambient tempera­
ture was also recorded in all the permeability runs.
Other incidental investigations concerned the relative vis­
cosities and densities of the two fluids. This research was con­
ducted by Mr. Adam Nugent, a Chemical Engineering senior at Louisiana 
State University, who was assigned to the miscible displacement project. 
Using a Westphal balance for density determinations and an Ostwalt 
Viscometer for viscosity determinations, he found the densities to 
be identical to four significant digits, and the viscosities to differ 
by about .001 centipoise. AS this viscosity difference was of the 
order of magnitude of the probable experimental error, it would perhaps
TABLE I
SUMMARY OF EXPERIMENTAL RUNS
Run No.
Column 
Length, 
L, cm.
Permeability
-6K 2 
10 cm.
Average 
Pore Velocity 
U, cm./sec.
Coefficient 
of Difussion 
D,10-  ^cm.^/sec.
Volume 
to Surface 
Ratio, B, 
cm. Porosity
Average
Particle
Diameter
cm.
11 274.2 112.1 2.57 .0108 18.6 .00637 .351 .0715
12 329.9 112.1 2.57 .00709 17.7 .00637 .351 .0715
13 148.0 112.1 2.57 .0344 17.3 .00637 .351 .0715
16 662.6 112.1 .769 .00604 18.2 .00335 .360 .0359
17 464.9 112.1 .769 .0123 18.2 .00335 .360 .0359
22 586.7 112.1 . .276 .0261 20.0 .00207 .368 .0214
23 633.1 112.1 .276 .0198 19.5 .00207 .368 .0214
24 194.2 66.1 2.20 .0141 17.7 .00636 .350 .0715
26 282.1 66.1 2.20 .00736 19.5 .00636 .350 .0715
29 167.9 134.0 2.45 .0326 16.8 .00621 .346 .0715
30 235.9 134.0 2.45 .0169 17.3 .00621 .346 .0715
33 287.2 134.0 2.45 .0117 17.7 .00621 .346 .0715
34 393.0 66.1 .763 .0117 20.8 .00336 .361 .0359
Range 514.6 67.9 2.29 .0284 4.0 .00430 .022 .0501
ho
u>
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be better to state that the two fluids had almost identical viscosi­
ties, with that of the solution being slightly higher. It was in 
order to obtain this favorable viscosity ratio that the solution was 
chosen as the invading fluid rather than as the resident fluid. In 
order to minimize the effect of density differences, all runs were 
performed with the column in a vertical position.
Some of the experimental errors occurring have already been 
mentioned, but a fuller discussion is merited. In order to determine 
some of the physical characteristics of the packed bed, it was neces­
sary to observe the weight of packing, true density of packing, column 
diameter and length, and diameter of the particles. The true density
of the glass beads was found by water displacement methods to be 
+  /2.50 _ .02 gm./cc., while the manufacturer gives the value as 
262.5 gm./cc. Perhaps a large portion of the discrepancies in these 
measurements can be attributed to trash that was found in the beads.
The diameter or radius of the beads entered in several calculations in 
both cubic and first powers. The assumption was made that all the 
particles of one size range were spheres of the same diameter--an 
arithmetic average of the upper and lower mesh sizes of that range.
While this assumption is open to question, it is defended as being the 
most practical approach when the size distribution and sphericity are 
not known.
While the linear measurements could be made with good preci­
sion (within about + .5 mm.), the accuracy was somewhat less than de­
sired, for the diameters of the Lucite columns were found to vary almost 
as much as one percent at a single cross-section. The estimated limits
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of error on the weights of individual packings were usually less than 
* 5 gm. (about * .1%). Although these errors may seem small, their 
effects were compounded into significant proportions in some of the 
calculations.
Finally, the author wishes to record in this chapter, for the 
sake of those who may wish to pursue similar research, some of the 
false steps he took in arriving at satisfactory experimental tech­
niques. They were many. It was first conceived to use for packings 
beads made of the co-polymer, styrene-divinylbenzene, since these 
beads were virtually spherical. It was discovered, however, that 
these beads would both reduce and adsorb potassium permanganate. A 
reaction or adsorption that would, in other circumstances, be almost 
unnoticed, may proceed at a significant rate when sufficient surface 
is presented. These beads were found to adsorb organic dyes also. 
Thus it became necessary to secure beads of more inert material.
Several solutions of organic dyes were considered as invading 
fluids, since they give intense colors in very weak concentrations.
(A 7 ppm solution of methylene blue was found to be sufficiently 
colored to be a satisfactory invading fluid.) The dyes considered 
besides methylene blue were congo red, methyl orange, and malachite 
green. It was found, however, that they were all either too unstable 
or readily adsorbed on glass or co-polymer beads. Several colored 
inorganic salts were also considered, and possibly could have been 
used, but they generally required higher concentrations than were 
desired. One solution that did give sufficient coloring at low 
concentrations was that of the ferric ion in the presence of am­
monium thiocyanate. However, this solution was found not to follow
26
the Beer-Lambert law at low concentrations. Although other methods 
of determining concentration were considered, the colorimetric 
method was felt to be superior, if a suitable dye could be found.
Other difficulties were encountered in obtaining uniform 
column packings and uniform flow rates. It was found that packing 
the column in a horizontal position led to stratification of the beads, 
and that the best method was to introduce the beads dry in the manner 
already described, with the column in a vertical position.
Attempts at obtaining uniform flow rates involved the use 
of centrifugal pumps and constant head tanks. Neither was satis­
factory. It was reasoned that since the viscosities and densities 
of the two liquids were almost identical, there would be very little 
variation in rate if a constant head of invading fluid were main­
tained. This was found to be true at high rates, but there was an 
unaccountably high variation at low rates--a phenomenon which bears 
further investigation.
It is hoped that these remarks will be useful to future 
investigators.
CHAPTER IV
EXPERIMENTAL RESULTS AND DISCUSSION OF RESULTS
A. Permeability
A very significant outcome of the analysis of the experi­
mental results is the correlation of permeability and square of 
volume to surface ratio. As can be seen in Figure 2, the perme­
ability of four of the six packings is very nearly exactly described 
by Equation (13). (Permeability data are tabulated in Appendix C.)
K = <X B2, (13)
2
where K : permeability, cm .
B = volume to surface ratio, cm.
Ct = constant of proportionality.
Furthermore, the line connecting these points intercepts the origin, 
as would be expected since an impermeable substance would have no 
void volume (in the sense used here). Also, the shear forces re­
sisting flow become large as the surface becomes large.
One point, it is seen, is about 14 percent lower than the 
value required to make it fit the graph, assuming correct measure­
ment of volume to surface ratio. This point represents Packing No. 8 
(large beads, short, wide column). On this column the manometer taps 
were placed very near the ends of the column. Consequently, in this 
case a "flat" pressure profile probably did not exist at the position 
of the taps, and pressure drops observed in the permeability runs
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were probably higher than they would have been, had this effect 
been eliminated. When the same column was packed to about the 
same porocity (Packing No. 11) with beads of half the diameter of 
those mentioned above, the results were in good agreement with the 
correlation.
For this reason, this point was not considered in the corre­
lation. In the other packing not represented here (No. 4), the 
permeability was not measured. When the value of its permeability 
was required in calculations, it was calculated from Equation (13). 
The average value of the constant of proportionality, o( , in this 
equation is .066 (t-003). It is dimensionless.
This proportionality is in general agreement with the
41Kozeny-Carman form of Poiseville s law, and with the proposals
1 7of Fair and Hatch. However, there will be no attempt here to 
examine the significance of the value of the constant,
The evaluation of volume to surface ratio was made on the 
basis of Equation (2). It was assumed that all the beads of a single 
packing were perfect spheres of a diameter of an average of the mesh 
sizes bounding the range. The errors introduced by these assump­
tions would seem to be small, since the ranges of mesh sizes were 
narrow (20-30, 40-50, 60-80) and the beads were observed to be 
approximately spherical. There were also small uncertainties in 
the weights and densities of the packings (Chapter III). The errors 
introduced by these assumptions and uncertainties would probably 
tend to have the same effect on each calculation, and thus not 
affect the simple proportionality.
Permeabilities were calculated using Equation (3) 1 Densities 
of water and carbon tetrachloride, and viscosities of water as func­
tions of temperature are given in references 21 and 24.
B . Miscible Displacement
It is seen in the above discussion that volume to surface
ratio is a characteristic length of the porous media used in these
experiments, insofar as permeability is concerned. Thus, by taking
note of Equations (3) and (4) ,  the analogy between surface to volume
ratio of a porous medium and the diameter of a circular tube is seen.
If it be assumed that the body forces acting on a fluid in
flow through a porous medium be negligible compared to the shear
forces, then the logical support of this analogy is strengthened,
for the Poiseuille Equation (Equation (4)) only relates normal
31forces to shear forces. Saffman points out that this assumption 
is valid when the flow is described by Darcy's law, _i-_e., when the 
permeability is truly a constant. Thus, it may be surmised that 
the transport property, viscosity has an analogous effect in porous 
media and small bore tubes, and that that effect may be predicted 
for porous media on the basis of the Poiseuille equation for tubes, 
if a characteristic length is known. The required characteristic 
length is seen to be proportional to the volume to surface ratio.
Since the analogy between the transport properties in 
fluids is well established, it is reasoned that the above-mentioned 
relationship between the momentum transport effects may be extended 
to mass transfer. That is, an equation describing mass transfer (or 
diffusion) in a small bore tube would be expected to apply to porous
31
media if a characteristic length corresponding to the tube diameter 
could be found.
Since such an equation does exist for tubes, the next logical 
step is to try to extend it by analogy to porous media. This equa-
36tion for small bore tubes (Equation (9)) has been derived by Taylor, 
and extended by this author to porous media (Equation (11)) on the 
assumption that characteristic lengths and velocities exist and can 
be found. (This derivation is given in Appendix B.) The only 
parameter in this equation is the dimensionless group (DL/Ub^).
The characteristic length, b, that is sought, would be expected 
to be at least proportional to if not equal to the characteristic 
length, B, found for momentum transfer. The velocity, U, would be 
expected to be proportional to the average pore velocity (defined 
in Appendix B). While both the velocity distribution and average 
velocity can be found analytically for laminar flow in a circular 
tube (Chapter II) a statistical average velocity is required here.
O
Thus, we may write the parameter as (DL/UB ). Since K is propor- 
o
tional to B , and generally more easily measured, we may write the 
parameter as (DL/UK). Its use would require that a constant of pro­
portionality be found. The experimental observations (given in 
Appendix D) were analyzed to determine whether Equation (11) de­
scribed the results when the above-mentioned parameter was used.
The six steps of the analysis were as follow:
(A) To determine the pore volume, W
(B) To express volume flowed in terms of W
(C) To determine if there existed a parameter, R, such that 
if it were used in Taylor's equation, the equation would 
describe the mixing
(D) To try to correlate R with (DL/UK)2
(E) To evaluate an equivalent pore size in order to apply 
Taylor's criteria of applicability
(F) To re-evaluate this equivalent pore size on the basis 
of these findings.
The pore volume was evaluated in three ways--from a material 
balance, from geometrical considerations, and from Taylor's equa­
tion. The second method was merely to subtract from the total 
volume the ratio of weight to density of the packing. Because of 
errors in measurement (discussed in Chapter III) the uncertainty of 
this value ranged from "t 3 percent to ^ 5 percent. The material 
balance was made by graphically integrating the following equation:
r
W => \(1-C) q d t (13a)
Jo
Here, the concentration, C, volumetric flow rate, q, and time, t, 
are observed quantities. The pore volume, W, is merely the volume 
of the resident fluid. In each case, the volume calculated by 
Equation (13a) agreed with that calculated geometrically within the 
limits of error. The slight discrepancies between the calculated 
values of pore volume in the same column for different runs may be 
attributed to inaccuracies in rate and concentration measurements, 
and to actual differences caused by slight leaks in the column.
According to Taylor's equation, the concentration of the 
fluid leaving the column (or tube) should be .5 when one pore volume 
has flowed. It was observed that this estimate of pore volume com­
pared very favorably with that obtained from the material balance.
In each case except one, the agreement was within ^  1 percent, and
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in that case the discrepancy was 1.47 percent. It was this value of 
pore volume that was chosen for use in the following steps of the 
analysis, because its use forces all the graphs of concentration 
versus pore volumes flowed through a common point (1,.5) thus 
facilitating comparison. While this is, in a sense assuming the 
validity of the theory to be tested in order to test the theory, 
it will be seen in the following discussion that the error thus 
introduced is negligible. Furthermore, because of the approxima­
tions and uncertainties inherent in the material balance pore 
volume, it cannot be assumed to be more precise than the fifty 
percent concentration pore volume.
The next step in the analysis was to use the values of pore 
volume for each column to express the volume flowed in dimensionless
form, in order that Equation (11) could be used. This was actually
combined with the following step.
In this step, Equation (11) was written in the following 
form, in order to determine whether there existed a value, R, such 
that the equation would describe the observed data.
C = I - I erf R (1=1 ) . (14)
2 2 VW~
The fraction of pore volume flowed, V, is defined by Equation (15).
V = £ \ q d t (15)
» /o
The method chosen was to find the value of R that would minimize the 
sum of the squares of the differences between the observed values of 
concentration and the value predicted by the equation for each value 
of V. This was done by using a trial and error procedure on the
International Business Machine 1620 computer. The procedure is
described in Appendix E. After the value of R that gave the best
fit was determined, the root-mean-square of the deviations for each
run was found. They ranged from .§11 (Run 34) to .051 (Run 24) with
an average value of .034 for all runs. The range of variable, C, it
j.
is recalled, is from 0 to 1. The values of R, (DL/UK)2, and root- 
mean-square of deviations are given in Table II. Hereafter, (DL/UK) 
will be abbreviated to "NVr*" It is difficult to attach a statistical 
significance to these numerical values, however, since there was, in 
effect, an infinitude of observed points described perfectly by the 
equation. (Before the mixed zone reached the end of the column, 
the concentration was zero and after it had passed, the concentration 
was unity, as predicted by the equation.) This observation, of 
course, does not allow one to describe the fit as perfect. It can 
be said, however, that there exists a value, R, for each run, such 
that when it is used in Equation (14) a "very good" agreement be­
tween observed and predicted values of concentration is obtained.
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These results agree very closely with those obtained by Scheidegger,
who used a similar analysis of data taken from similar equipment.
The next step was to determine whether R was predictable on
the basis of observed quantities. According to the derivation of
%Equation (11), R should be directly proportional to N , but the 
constant of proportionality is not predicted. These two parameters 
were correlated by finding the least squares line of best fit de­
scribing the relationship between them. Also a correlation coeffi­
cient was found. This procedure may be found in standard texts on 
38statistics, and it is outlined in Appendix F. The least squares
35
TABLE II
VALUES OF R, N^., AND ROOT-MEAN-SQUARE DEVIATIONS FROM 
LINES OF BEST FIT OF EQUATION (14)
Run
Number R Nvr
Root-Mean-Square
Deviation
11 16.767 274.2 .041
12 19.755 329.9 .023
13 16.328 148.0 .046
16 40.585 662.6 .043
17 33.798 464.9 .038
22 30.341 586.7 .049
23 31.943 633.1 .043
24 17.885 194.2 .051
26 21.699 282.1 .022
29 18.911 167.9 .027
30 22.128 235.9 .021
33 23.124 287.2 .024
34 19.482 393.0 .011
Average .034
36
line of best fit correlating these variables is given by Equation 
(16).
R = 10.31 + .038 (16)
vr
Although there is considerable scatter in the data, the correlation
O O
coefficient of .885 indicates, according to statistical tables, 
that the probability of this correlation's being accidental is con­
siderably less than .001. These data are plotted in Figure 3. The 
R-intercept of 10.31 is not explained by the theory, which predicts 
an extrapolated intercept at the origin (although the theory does 
not apply in the region near the origin).
It was then desired to determine whether Taylor's criteria 
of applicability, given by Inequalities (10) exclude any points from 
consideration. To make this determination, however, it was neces­
sary to know the characteristic pore diameter, b, corresponding to 
Taylor's tube radius, a. This can be derived from Equations (11) 
and (16). However, as a first approximation, it was assumed that 
some of the data points used in finding Equation (16) were outside 
the limits of applicability, and consequently, their influence was 
the cause of the unexplained R-intercept. For purposes of a pre­
liminary evaluation of b, the equation of the line of best fit in» 
tercepting the origin was used instead of Equation (16). This is 
given by Equation (17).
R = .067 (17)
vr
From Equations (17) and (11) it was found that b was equal to 52 -y^K. 
Substituting 52 for a in Taylor's first criterion, this inequality 
may be written in the following form.
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From Equation (14) the predicted value of the distance between the 
points where the concentrations are .10 and .90, respectively, is 
given approximately by Equation (18), the approximation being very 
nearly exact in this range of values of Nvr.
&1 - 1.81 = 27_ , .
“vr
Thus (10a) may be rewritten,
Nvr >_ 63,000. (10b)
This is the criterion for assuming sufficiently rapid disappearance 
of radial concentration gradients. However, this critical number 
is to a large extent arbitrary. Its value could be reduced two or 
three-fold by different interpretations of the "much greater than" 
sign in the inequality, and of the length 1. (Taylor is not clear 
on this point, as may be seen by comparing references 35 and 36.) 
Furthermore it is based on a rather arbitrary relationship between 
hypothetical pore radius and permeability, and this relationship, 
in turn, depends to a certain extent upon the data points allowed 
by the criterion.
In a like manner, the second two terms of Inequality (10) 
may be expressed in the following form.
- —  >. N (10c)4 ,—  —  vr v *
*  ViT
This is the criterion for neglecting longitudinal diffusion. It is 
somewhat less arbitrary than first criterion, however, since K enters 
only to the one-half power.
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The numerical values of these criteria are given in Table III. 
Reference to this table shows that the range of values in which 
Equation (11) would be expected to apply is relatively narrow, and 
that no single run fits both criteria. Because of this situation 
the efforts to re-evaluate Equation (16) were not successful.
Even though it was not possible to reach precise quantitative 
statements through this last step of the analysis, an important quali­
tative observation was made. In general, low values of Nvr occurred 
when the particle sizes were large. In these cases, it was observed 
that the effect of fingering, which was to effectively lengthen the 
front, was less than with the small particles. High values of Nvr 
reflected conditions in which not only was the effect of fingering 
greater, but also longitudinal diffusion could not be neglected.
Thus the combined effects of these two circumstances would tend to 
lower the value of the constant of proportionality in Equation (16)
and to account for the unexplained R-intercept.
The nature of the observed deviations from the line of best
fit indicates that perhaps R could be expressed as an exponential
function of Nvr, or as a power series. Attempts to find such a 
correlation empirically, however, did not yield any expression that 
was deemed significantly better than Equation (16). Obviously, 
one of the main problems in finding a correlation has been the 
probably accidental scatter in the data points. This is considered 
in the next section.
C. The Effects of Errors and Approximations
One of the basic assumptions in the above analysis was that 
there were no radial velocity gradients on a macroscopic scale in
11
12
13
16
17
22
23
24
26
29
30
33
34
40
TABLE III
CRITERIA OF APPLICABILITY OF TAYLOR'S EQUATION TO 
EXPERIMENTAL RESULTS
3 L
4y£~ Nvr
53,000 75,200
53,000 108,800
53,000 21,900
96,000 439,000
96,000 216,000
160,000 344,200
160,000 400,800
33,400 37,700
33,400 76,600
64,300 28,200
64,300 55,600
64,300 82,500
56,700 154,400
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the columns, or that their effects were negligible. Without this 
assumption the analysis would have been complicated to the extent 
of probably obscuring the valuable information that was gained. 
Nevertheless, it is obvious from the reported observations, and 
from the permeability considerations, that such gradients did 
exist. Although considerable effort was expended to attain uniform 
packings and "flat" velocity distributions throughout the columns, 
these conditions did not obtain near the end plates. Furthermore, 
the smaller the particle size of the packing, the greater seemed 
to be the amount of channelling, so that it cannot be said that 
end effects had comparable influences in all the columns. In 
general, channelling would tend to increase the length of the front, 
thus tending to make smaller the value of R giving the best fit of 
Equation (14). These considerations are in agreement with observa­
tions .
A second assumption was that Equation (14) described the 
observations so well that there was clearly an unique value of R 
that would yield a best fit. The computer program for finding 
the best values of R was written on this basis. There was, how­
ever, a range of values of R, in most cases, in which the deriva­
tions of observation from prediction were practically the same as 
the minimum. Thus the best value of R could have been strongly in­
fluenced by small errors in measurement of flow rate and concentra­
tion.
There were also certain assumptions in the evaluation of Nvr. 
The value of the coefficient of diffusion was assumed to be a constant, 
but it is known to be in general a function of temperature and
concentration. Taylor gives the value of this coefficient as a 
function of concentration, and it appears that in the narrow range 
of low values used, no significant error was introduced by assuming 
constancy. Slight temperature corrections were made according to 
an approximation given by A r n o l d .  ^ Further assumptions were those 
of constancy of velocity and permeability. As has been shown above, 
there were local deviations in both, but the effect of these devia­
tions would appear to be small insofar as the value of Nvr is con­
cerned. Thus the values of this parameter would not seem to be 
subject to large error.
D. Comparison of Theoretical Predictions with Observation
Although it is obvious that the Taylor model Is strictly 
applicable to only a relatively narrow range of operating conditions, 
it appears to be approximately valid for a much wider range. There­
fore, it may be expected to provide answers to some of the practical 
questions that are asked about miscible displacement phenomena.
For example, one may wish to know how the concentration 
profile is affected by the various parameters. By reference to 
Equation (11) it is seen that as the value of R in the argument of 
the error function becomes large (and, consequently, as Nyr becomes 
large) the front becomes more and more distinct. This is clearly 
illustrated in Figure 4, in which are compared the concentration 
profiles of two runs with different values of Nyr.
Mote specifically, one may wish to know how the length of the 
front is affected by the physical conditions of flow. If the length 
of the front be defined as the distance between the points where the
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concentrations are .90 and .10, respectively, then this length is 
given by Equation (18). (The derivation of this equation omits a 
term which is negligible at these values of Nvr.) It is remarked 
that this is a fictious length, being the product of velocity and 
time difference between the occurrences at a fixed point of the two 
concentrations. It is however a very good estimate of the actual 
length in the vicinity of the end of the column.
In Table IV are given the observed values of the length,
x,
fa* 1, and of the ratio, column length to Nvr2. These data are 
plotted in Figure 5. It is seen that the data points are fairly 
well represented by Equation (18), with the deviations being con­
sistent with the considerations given in Section C, above. It is 
observed that this equation was derived, in part, from Equation (17), 
from which was also derived that the hypothetical pore diameter, b, 
was equal to 52VK, rather than the higher value suggested by 
Equation (16). This, then, gives support to the assumption that
j.
the best linear correlation between R and Nv r 2 should intercept the 
origin, and that the value of the constant of proportionality should 
be approximately .067, as given by Equation (17).
It is difficult to isolate the effect on front length of one 
of the individual variables, D, U, L, and K with the relatively small 
number of runs represented here. However, there were three pairs of 
runs in which D, U, and K were approximately identical in each pair.
A graph of front length versus distance for each of these pairs is 
shown in Figure 6 . These graphs are in approximate agreement with 
the prediction that front length is proportional to the square root 
of distance travelled. Also, the effects of differences in velocity
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TABLE IV
VALUES OF LENGTH OF FRONT AND THE PARAMETER (L/Nvr2)
Run
Number
tfront Length 
Al, cm.
L/Nvr%
cm.
11 11.93 .409
12 10.57 .340
13 12.88 .757
16 5.68 .169
17 7.51 .241
22 7.03 .191
23 7.05 .177
24 8.03 .340
26 5.82 .234
29 13.69 .798
30 11.51 .568
33 11 .11 .467
34 6.29 .168
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FIGURE 5 
GROWTH OF LENGTH OF FRONT
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FIGURE 6
GROWTH OF FRONT LENGTH WITH DISTANCE TRAVERSED
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and permeability can be somewhat judged from these graphs, it being 
seen that increased velocity and/or permeability increased the front 
length as predicted. While two-point plots certainly cannot be con­
sidered as proofs, it is noted that in general these do agree with 
the theory.
In this respect, it is interesting to note the data taken 
39by von Rosenberg in a similar series of experiments. His ob­
servations are tabulated in Appendix G. Graphs of front length 
versus square root of injection rate are given in Figure 7. If 
constant porosity is assumed (although von Rosenberg reported some 
variation) then these graphs should be linear, intercepting the 
origin. That they are not can probably be attributed to the rela­
tively high permeability and low velocities used. It appears that 
under these conditions longitudinal diffusion had a considerable 
effect at the lowest rate and probably also at the intermediate 
rate.
Another investigator whose observations are available for 
32comparison is Scheidegger. Using a procedure similar to that 
described in Section C, above, he calculated the value of the 
"factor of dispersion," D, that, when used in Equation (12), caused 
this equation to best fit his data. His experiments were conducted 
in a manner similar to those reported here. It is seen, upon com­
parison of Equations (11) and (12), that Scheidegger*s "factor of 
dispersion" should be directly proportional to core length. The 
values of D and core length for six runs are tabulated in Appendix G, 
and are plotted in Figure 8 . With the exception of one point, the
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OBSERVATIONS OF VON ROSENBERG39
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FIGURE 8
OBSERVATIONS OF SCHEIDEGGER32 
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relationship is seen to be approximately linear, as predicted. It 
is also interesting to note that the root-mean-square deviation of 
observed data from the line of best fit for each of Scheidegger1s 
runs (with an average value of .03) was about the same as for those 
runs reported here.
Another comparison of theoretical prediction with observa-
4
tion is provided by the research of Blackwell. He found that the 
average particle radius characterizes the size of flow channels in 
porous media.
This observation is in keeping with the present findings, 
since it has been found that the square root of the permeability 
characterizes the hypothetical pore radius, and that the square 
root of the permeability is proportional to the volume to surface 
ratio, which is, in turn, proportional to the particle radius for 
spherical particles.
Thus, from these considerations, one sees that the theoretical 
predictions developed here are generally consistent with observation. 
Yet it is also obvious that the theories have rather limited applica­
tion, and only represent a beginning toward a complete description 
of miscible displacement phenomena.
CHAPTER V
CONCLUSIONS AND RECOMMENDATIONS
A. Conclusions
Although the present research was limited both in scope and 
number of observations, it is believed that the following conclu­
sions have a wide range of useful application. It must be borne 
in mind, however, that they were drawn from observations of systems 
in which the porous media were composed of spherical beads, in which 
the two fluids had virtually identical densities and viscosities, 
and in which macroscopic radial concentration gradients were con­
sidered negligible.
One of the most important findings was that of the analogy 
between small bore tubes and porous media, insofar as the transport 
properties of flowing fluids are concerned. The characteristic 
length that relates the two was found to be the volume to surface
ratio. While this relationship has been found previously for 
12,41
momentum transfer , it is now extended to mass transfer as well.
It was found, using this analogy as a basis, that the Taylor 
36
equation for misclble displacement in a small bore tube could be 
extended to apply to porous media. This new equation is written in 
the following form:
C = i - 1 erf .067 (IzY) . (19)
Vv
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There is, however, considerable uncertainty in the value of 
the constant given here as .067. This uncertainty has resulted 
both from experimental error, and lack of sufficient information 
to judge the limits of applicability of the equation. While these 
limits appear to be fairly narrow the equation is approximately 
valid for a wider range. The best estimate of these limits is given 
in Inequalities (lOd):
! ^  -  <i> -  63-000 • (10d>
In summary, it is concluded that miscible displacement in 
a small bore tube of circular cross-section can be used as a model 
from which can be derived descriptions of miscible displacement in 
porous media. The characteristic length relating the hypothetical 
pore diameter to the tube diameter has been found to be proportional 
to the volume to surface ratio, which is, in turn proportional to 
both the particle diameter and to the square root of the permeability. 
The best relationships between hypothetical pore radii, b, volume to 
surface ratio, B, and permeability are given below for comparison.
It is noted that the relationship between b and K in Taylor's 
equation is based upon the obviously unfounded assumption of con­
venience that the maximum velocity in a porous medium is twice the 
average velocity. This does not affect the validity of the relation­
ship as used here. It is further noted that the volume to surface 
ratio for a small bore tube is the hydraulic radius.
For a tube,
b = r = 2B. (20)
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For application of Poiseuille's law to porous media, if the free 
cross-sectional area is taken as the product of porosity, P, and 
total cross-sectional area, then
b = = 1.23B (21)
For Taylor's Equation,
b = 52 -VK = 13.3B (22)
B . Recommendat ions
On the basis of these findings it is recommended that 
further research be directed toward finding a more precise relation­
ship between hypothetical pore diameter and permeability. If this 
were done, it should then be possible to use the small bore tube 
model for more accurate descriptions of miscible displacement in 
porous media for a very wide range of conditions. It should also 
be possible to better define the limits of applicability of Taylor's 
equation.
One suggested way to approach this problem is to make experi­
mental miscible displacement runs at very high velocities (but below 
those at which turbulence may occur). If the velocity were high 
enough that microscopic radial gradients were not rapidly eradi- 
cated, then Taylor's description of this condition for tubes 
should apply. From this study then a better relationship between 
b and K may be found. One advantage of using this approach is that 
the effects of longitudinal diffusion should be negligible.
It is strongly recommended that certain experimental errors 
made by this investigator be avoided. These errors have resulted
from slight inhomogeneities in packing, unavoidable variations in 
flow rate, and end effects. It has become apparent that many of 
the quantities involved in the analysis of results were particularly 
sensitive to errors from these sources. These should be prime con­
siderations in the design of other experimental apparatus.
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APPENDICES
APPENDIX A
DERIVATION OF EQUATION (2)
If a porous medium consists of n spherical particles, all 
of the same radius, r, and is contained in a total volume Ht, then 
the volume of the particles, Hp, is given by the following equation:
Bp - • (*.i,
The total surface, S, is
S = 4 n TTr2. (A-2)
The volume of voids, H , is
V  ’
»v = Ht - Hp = St - Hp, (A-3)
where P is porosity. Or,
^  = (f-p ) np ' (A-4)
Then,
= B = — -I— * (2)
S 3(1-P)
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APPENDIX B
DERIVATION OF EQUATION (11)
Equation (9) is repeated here for convenience.
C = erf (I X x k'% t k) , (9)
where = X-(U0t)/2
K = a2UQ2/192 D.
If the following substitutions are made, then Equation (9) 
is rewritten in the form of Equation (11).
C = \ - \ erf 2V 3  f e ) % ) • (11)
(1) Let the hypothetical pore radius, b, be equivalent bo the tube 
radius, a.
(2) Let the average velocity (equivalent to one-half UQ) be repre­
sented by the average pore velocity, given as
U = -SL-L . (B-l)
(3) Let X be the fixed distance, L.
(4) Let V equal to the fraction of pore volume flowed.
v = t f  < d <15>
*o
The concentration, C, is dimensionless, expressed as a 
fraction of the concentration of the invading fluid. Its values 
range from zero to unity.
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APPENDIX C
PHYSICAL PROPERTIES OF COLUMNS AND PACKINGS
TABLE V
GEOMETRICAL PROPERTIES OF COLUMNS AND PACKINGS
Designation
(Packing
Number)
Column
Length
(cm.)
Column
Diameter
(cm.)
Bounding Mesh 
Sizes of Packing 
(U.S. Sieve)
Mean Particle 
Diameter 
(cm.)
Weight of 
Packing 
(gm.)
True Density 
of Packing 
(gm./cm.3)
Volume to 
Surface 
Ratio x 10' 
(cm.)
4 112.1 6.33 * .02 20-30 .0715 5734 t 10 2.50 t -02 6.37
5 112.1 6.33 t -02 40-50 .0359 5652 t 2 2.50 t .02 3.34
7 112.1 6.33 t .02 60-80 .0214 5584 t 1 2.50 t -02 2.07
8 66 .1 7.53 t -03 20-30 .0715 4785 t 1 2.50 t -02 6.34
10 134.0 5.00 t .03 20-30 .0715 4305 t 5 2.50 t .02 6 .21
11 66 .1 7.53 t .03 40-50 .0359 4706 t 2 2.50 t -02 3.38
as
N5
TABLE VI
PERMEABILITY MEASUREMENTS
Designation
(Packing
Number) Temperature Observations
First
Run
Second
Run
Third
Run
Fourth
Run
Fifth
Run
Sixth
Run
Average 
Permeability 
X 106 (cm.2)
h 0 32.4 32.4 13.8 19.4
t - 210 .0 209 .0 491.0 349.0
5 23°C V 0 100.0 100.0 100.0 100.0 .769
1 101.8 101.8 101.8 101.8 101.8
h 0 18.8 15.5 11.7 11.7 14.4
t - 481.0 584.0 789.0 1584.0 622.0
7 25°C V 0 50.0 50.0 50.0 100.0 50.0 .276
1 101.8 101.8 101.8 101.8 101.8 101.8
h 0 11.1 11.1 9.3
t - 81.0 81.0 97.0
8 24°C V 0 100.0 100.0 100.0 2.203
1 55.9 55.9 55.9 55.9
h 0 11.4 19.3 11.3 22.9
6 - 265.0 162.0 277.0 143.0
10 21°C V 0 100.0 100.0 100.0 100.0 2.449
1 89.7 89.7 89.7 89.7 ’ 89.7
h 0 9.3 15.0 20.1
t - 233.0 145.0 109.0
11 33°C V 0 100.0 100.0 100.0 .763
1 55.9 55.9 55.9 55.9
Explanation: h is head loss across column, cm. of CCI4 under water,
v is volume of water flowed, c m . 3 
t is time required for flow, sec.
1 is distance between manometer taps, cm.
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APPENDIX D 
MISCIBLE DISPLACEMENT DATA
TABLE VII
RUN NUMBER 11
N^ = 274.2 
vr
Packing Number: 5
Ambient Temperature: 26°C
Pore Volume (calculated geometrically): 1239 "£ 40 cm.^
(calculated from material balance): 1228.1 cm.'* 
(calculated from Taylor theory): 1236.4 cm.3
Volume flowed at time of first sample: 1091 c m . 3 
Average flow rate before first sample: .118 cm.3/sec.
Average flow rate during sampling: .121 cm.3/sec.
Average overall pore velocity: .0108 cm./sec.
Coefficient of diffusion: 18.6 x 10"6 cm.^/sec.
_______________________  Sample_Data_______________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 100.0 00 .0 9,195 .883
2 97.5 01 .2 9,375 .901
3 93.8 03.3 9,495 .913
4 87.8 06.9 9,615 .924
5 80.9 11.4 9,735 .936
6 77.4 13.8 9,795 .942
7 * 70.3 19.0 9,915 .954
8 62.3 25.6 10,035 .966
9 59.1 28.5 10,095 .971
10 51,5 36.0 10,215 .983
11 47.8 40.1 10,275 .989
12 39.0 31.2 10,395 1.001
13 26.8 71.5 10,575 1.018
14 23.9 78.0 10,635 1.024
15 19.7 88.5 10,755 1.036
16 17.1 96.3 10,935 1.054
17 16.2 99.1 11,115 1.071
18 16.1 99.5 11,295 1.089
19 16.0 99.7 11,475 1.107
20 15.9 100.0 11,835 1.142
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TABLE VIII
RUN NUMBER 12
N^ = 329.9 
vr
Packing Number: 4
Ambient Temperature: 24°C
Pore Volume (calculated geometrically): 1239 ^ 40 cm.^
(calculated from material balance): 1249.1 cm.^
(calculated from Taylor theory): 1250.1 cm.3
Volume flowed at time of first sample: 1114 cm.3 
Average flow rate before first sample: .0783 cm.3/Sec.
Average flow rate during sampling: .0808 cm.^/sec.
Average overall pore velocity: .0709 cm./sec.
Coefficient of diffusion: 17.7 x 10“6 cm.^/sec.
____________________________ Sample D a t a _________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 100.0 00 .0 14,240 .892
2 99.7 00 .2 14,425 .904
3 98.1 00 .8 14,605 .916
4 95.3 02.5 14,785 .927
5 89 .1 06.3 14,965 .939
6 80.8 11.8 15,145 .950
7 71.7 18.7 15,325 .962
8 62.7 26.2 15,505 .974
9 56.6 32.0 15,625 .981
10 50.7 38.4 15,745 .989
11 43.9 46.7 15,865 .997
12 36.7 56.6 15,985 1.005
13 33.2 62.5 16,045 1.009
14 28.2 71.4 16,165 1.016
15 24.6 79.3 16,285 1.024
16 22.3 89.4 16,405 1.032
17 20.7 89.6 16,525 1.040
18 19.8 91.9 16,645 1.047
19 19.3 93.4 16,765 1.055
20 18.9 94.2 16,945 1.067
21 18.3 96.5 17,125 1.078
22 18.1 97.0 17,425 1.098
23 17.7 98.6 17,725 1.117
24 17.2 100.0 18,625 1.175
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TABLE IX
RUN NUMBER 13
= 148.0
vr
Packing Number: 4
Ambient Temperature: 23°C
Pore Volume (calculated geometrically): 1239 "t 40 cm.^
(calculated from material balance): 1231.0 c m . 3
(calculated from Taylor theory): 1240.6 cm.^
Volume flowed at time of first sample: 1096 c m . 3
Average flow rate before first sample: .381 cm.^/sec.
Average flow rate during sampling: .379 cm.^/sec.
Average overall pore velocity: .0344 cm./sec.
Coefficient of diffusion: 17.3 x 10-6 cm.^/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 96.9 01.5 2,885 .884
2 94.4 03.0 2,915 .894
3 89.8 05.5 2,965 .909
4 83.1 09.6 3,015 .924
5 75.8 14.4 3,065 .939
6 70.1 18.6 3,095 .948
7 65.8 21.7 3,125 .958
8 59.1 27.5 3,155 .967
9 53.7 32.5 3,185 .976
10 48.0 38.3 3,215 .985
11 36.1 53.1 3,275 1.003
12 29.9 63.0 3,305 1.013
13 25.1 72.2 3,335 1.022
14 20.8 82.0 3,365 1.031
15 17.9 90.0 3,395 1.040
16 16.3 94.8 3,425 1.049
17 16.1 95.5 3,455 1.058
18 15.0 99.2 3,515 1.077
19 14.9 99.5 3,545 1.086
20 14.8 100.0 3,575 1.095
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TABLE X
RUN NUMBER 16
N^ = 662.6
Packing Number: 5
Ambient Temperature: 25°C
Pore Volume (calculated geometrically): 1273 * 34 cm.^
(calculated from material balance): 1269.5 cm.^
(calculated from Taylor theory): 1262.7 cm.^
Volume flowed at time of first sample: 1200 cm.^
Average flow rate before first sample: .0676 cm.^/sec. 
Average flow rate during sampling: .0701 cm.^/sec.
Average overall pore velocity: .00604 cm./sec.
Coefficient of diffusion: 18.2 x 10"6 cm.2/sec.
____________________________Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 100.0 0 0 .0 17,790 .952
2 98.1 01.3 18,085 .968
3 89.8 06.0 18,265 .978
4 74.6 16.3 18,385 .985
5 56.8 31.4 18,505 .991
6 41.8 44'. 6 18,625 .998
7 31.3 64.7 18,745 1.004
8 23.4 80.8 18,925 1.015
9 20.4 88.5 19,105 1.025
10 19 .8 90.0 19,225 1.031
11 19.5 90.9 19,345 1.038
12 19.2 91.8 19,525 1.048
13 18.8 92.8 19,705 1.058
14 18.1 95.2 19,885 1.068
15 18.0 95.5 20,065 1.078
16 17.8 96.0 20,245 1.088
17 17.4 98.9 20,425 1.098
18 16.6 100.0 21,565 1.161
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TABLE XI
RUN NUMBER 17
NL  = 464.9
Packing Number: 5
Ambient Temperature: 25°C
Pore Volume (calculated geometrically): 1273 "t 34 cm.^
(calculated from material balance): 1274.8 cm.^
(calculated from Taylor theory): 1267.2 cm.^
Volume flowed at time of first sample: 1198 cm.3 
Average flow rate before first sample: .140 cm.3/sec.
Average flow rate during sampling: .1330 cm.3/sec.
Average overall pore velocity: .0123 cm./sec.
Coefficient of diffusion: 18.2 x 10"^ cm.2/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 100.0 00 .0 8,590 .946
2 99.8 00 .2 8,653 .953
3 95.5 02.5 8,803 .968
4 88 .2 06.8 8,863 .975
5 77.8 13.3 8,923 .981
6 63.2 24.6 8,983 .987
7 50.2 37.2 9,043 .994
8 44.1 44.0 9,073 .997
9 34.5 57.2 9,133 1.003
10 31.0 62.9 9,163 1.006
11 26.0 72.3 9,223 1.012
12 24.2 76.3 9,253 1.016
13 22 .1 81.2 9,313 1.022
14 20.8 84.2 9,373 1.028
15 19.1 88 .8 9,493 1.041
16 17.1 94.8 9,673 1.060
17 15.5 100.0 10,213 1.116
i
TABLE XII
RUN NUMBER 22 
N^„ = 586.7
Packing Number: 7
Ambient Temperature: 29°C
Pore Volume (calculated geometrically): 1299 ^ 40 cm.3
(calculated from material balance): 1301.4 cm.^
(calculated from Taylor theory): 1293.2 cm.3
Volume flowed at time of first sample: 1237 cm.3 
Average flow rate before first sample: .271 cm.^/sec.
Average flow rate during sampling: .276 cm.^/sec.
Average overall pore velocity: .0261 cm./sec.
Coefficient of diffusion: 20.0 x 10"^ cm.2/sec.
Sample Data
Sample
Number
Spectrophotometer
Transmission
(Percent)
Concentration 
(Percent of 
Invading Fluid)
Mean Time 
of Sample 
(Sec.)
Fraction of 
Pore Volume 
Flowed
1 99.5 00.5 4,568 .958
2 96.1 02.5 4,626 .970
3 86.7 05.7 4,656 .976
4 87.0 23.7 4,703 .987
5 50.0 38.2 4,746 .996
6 40.8 57.6 4,776 1.002
7 32.9 61.0 4,806 1.008
8 28.0 69.6 4,836 1.015
9 24.7 76.4 4,866 1.021
10 22.3 81.8 4,896 1.028
11 20.1 87.3 4,926 1.034
12 18.1 92.6 4,986 1.047
13 17.0 96.3 5,046 1.060
14 16.5 98.0 5,106 1.072
15 16.0 99.7 5,226 1.098
16 15.9 100.0 5,346 1.123
Remarks: (1) Sample 4 diluted with two parts of water.
(2) Slight fingering noted near top of column.
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TABLE XIII
RUN NUMBER 23
N^ = 633.1 vr
Packing Number: 7
Ambient Temperature: 28°C
Pore Volume (calculated geometrically): 1299 * 40 cm.^
(calculated from material balance): 1298.1 cm.3
(calculated from Taylor theory): 1288.5 cm.
Volume flowed at time of first sample: 1226 cm.3 
Average flow rate before first sample: .225 cm.^/sec. 
Average flow rate during sampling: .235 cm.^/sec.
Average overall pore velocity: .0198 cm./sec.
Coefficient of diffusion; 19.5 x 10"6 cm.2/sec.
___________________________ Sample Data____________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 100.0 00.0 5,468 .952
2 99.4 00.3 5,528 .963
3 88.6 06.8 5,588 .974
4 92.8 12.3 5,614 .979
5 83.3 19.6 5,644 .985
6 76.5 29.6 5,675 .990
7 78.8 45.6 5,704 .996
8 35.1 58.7 5,768 1.007
9 26.9 73.4 5,828 1.018
10 22.7. 83.3 5,888 1.029
11 20.1 90.1 5,948 1.040
12 18.9 93.5 6,008 1.051
13 17.8 97.0 6,128 1.073
14 17.5 98.0 6,188 1.084
15 17.3 98.7 6,308 1.106
16 17.2 99.0 6,428 1.128
17 17.1 99.4 6,548 1.150
18 16.9 100.0 7,148 1.259
Remarks: (1) Samples 4 and 7 diluted with two parts of water.
(2) Samples 5 and 6 diluted with one part of water.
(3) Slight fingering noted at top of column.
(4) Small air bubble noted at top of column.
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TABLE XIV
RUN NUMBER 24
N^r = 194.2
Packing Number: 8
Ambient Temperature: 25 C
Pore Volume (calculated geometrically): 1032 ^ 32 cm.3
(calculated from material balance): 1061.5 cm.3
(calculated from Taylor theory): 1045.9 cm. 3
Volume flowed at time of first sample: 937 cm. 3 
Average flow rate before first sample: .223 c m .3 / s e c .  
Average flow rate during sampling: .223 c m .3 / s e c .
Average overall pore velocity: .223 cm.3/sec.
Coefficient of diffusion; 17.7 x 10"^ cm./sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 99 .1 0 0 .5 4 ,2 10 .897
2 98 .9 0 0 .7 4 ,2 98 .916
3 98 .5 0 1 .0 4 ,358 .929
4 97 .6 0 1 .3 4 ,418 .942
5 93 .9 0 3 .8 4 ,478 .955
6 86.9 08 .6 4 ,508 .961
7 70.8 20 .3 4 ,568 .974
8 6 2 .4 29 .3 4 ,598 .980
9 55 .3 37 .0 4 ,628 .986
10 45 .1 4 9 .8 4 ,688 .999
11 37.6 6 1 .3 4 ,748 1.012
12 33 .2 68 .7 4 ,808 1.025
13 29 .7 76.2 4 ,868 1.038
14 28.2 79 .3 4 ,928 1.050
15 24 .2 89 .0 5,048 1.076
16 23 .0 92 .1 5,168 1.102
17 22 .1 94 .5 5,228 1.114
18 20 .3 100.0 5,828 1.242
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TABLE XV
RUN NUMBER 26
N^. = 282.1
Packing Number: 8
Ambient Temperature: 28°C
Pore Volume (calculated geometrically): 1032 It 32 cm.3
(calculated from material balance): 1034.8 cm.^
(calculated from Taylor theory): 1029.2 cm.3
Volume flowed at time of first sample: 915 cm.^
Average flow rate before first sample: .114 cm.3/sec.
Average flow rate during sampling: .116 cm.^/sec.
Average overall pore velocity: .00736 cm./sec.
Coefficient of diffusion: 19.5 x 10”  ^cm.2/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 99.4 00.4 8,055 .890
2 99.4 00.4 8,175 .904
3 98.9 00.9 8,295 .917
4 98.7 01.0 8,415 .931
5 97.2 01.7 8,535 .944
6 95.0 03.0 8,595 .951
7 90.0 06.3 8,655 .958
8 84.5 10.1 8,715 .965
9 .75.8 16.4 8,775 .971
10 67.5 23.3 8,835 .978
11 58.1 32.1 8,895 .985
12 50.8 40.2 8,955 .992
13 44.2 48.6 9,015 .998
14 38.8 56.5 9,075 1.005
15 33.5 65.3 9,135 1.01?
16 30.1 71.3 9,195 1.019
17 28.0 75.7 9,255 1.025
18 25.5 81.3 9,315 1.032
19 24.2 84.6 9,375 1.039
20 22.2 89.8 9,495 1.052
21 20.8 92.8 9,615 1.066
22 20.1 95.5 9,735 1.079
23 19.3 98.0 9,855 1.093
24 19 .0 98.8 9,975 1.106
25 18.7 100.0 11,265 1.252
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TABLE XVI 
RUN NUMBER 29
Packing Number: 10
Ambient Temperature: 22°C
Pore Volume (calculated geometrically): 911 "t 45 cm.^
(calculated from material balance): 928.4 cm.^
(calculated from Taylor theory): 925.7 cm.^
Volume flowed at time of first sample: 818 cm.^
Average flow rate before first sample: .224 cm.^/sec.
Average flow rate during sampling: .229 cm.^/sec.
Average overall pore velocity: .0326 cm./sec.
Coefficient of diffusion: 16.8 x 10“® cm.^/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 98.8 00.7 3,668 .885
2 97.8 01.3 3,727 .900
3 94.6 03.0 3,788 .915
4 92.2 04.4 3,818 .922
5 89.2 06.2 3,848 .930
6 82.2 10.5 3,908 .944
7 78.9 13.2 3,938 .952
8 74.1 15.8 3,968 .959
9 63.0 24.5 4,028 .9 74
10 50.0 36.7 4,088 .989
11 42.2 45.7 4,118 .996
12 34.9 55.8 4,148 1.004
13 24.8 74.1 4,208 1.019
14 21.8 80.9 4,238 1.026
15 20.0 85.5 4,268 1.033
16 17.9 91.3 4,328 1.048
17 17.1 94.0 4,388 1.063
18 17.0 94.4 4,448 1.078
19 16.3 96.5 4,508 1.093
20 16.3 96.5 4,628 1.122
21 15.3 100.0 5,528 1.345
74
TABLE XVII
RUN NUMBER 30
N^ = 235.9 vr
Packing Number: 10
Ambient Temperature: 23 C
Pore Volume (calculated geometrically): 911 ir 45 cm.3
(calculated from material balance): 926.6 cm. 3
(calculated from Taylor theory): 925.1 cm.3
Volume flowed at time of first sample: 822 cm. 3 
Average flow rate before first sample: .116 c m .3 / s e c .  
Average flow rate during sampling: .121 cm.3/sec.
Average overall pore velocity: .0169 cm./sec.
Coefficient of diffusion: 17.3 x 10"^ cm.2/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number______(Percent)_______Invading Fluid) (Sec.)_______Flowed
1 99.9 00.1 7,125 .890
2 99.1 00.6 7,215 .902
3 98.9 00.8 7,275 .910
4 97.2 01.8 7,335 .918
5 95.8 02.4 7,395 .925
6 92.8 04.4 7,455 .933
7 89.5 06.4 7,515 .941
8 85.1 09.2 7,575 .949
9 80.0 12.7 7,635 .957
10 75.0 16.3 7,695 .965
11 68.9 21.0 7,755 .973
12 61.9 27.1 7,815 .980
13 53.8 34.9 7,875 .988
14 45.0 45.2 7,935 .996
15 36.7 56.6 7,995 1.004
16 29.9 68.3 8,055 1.012
17 25.1 78.2 8,115 1.020
18 22.1 85.5 8,175 1,028
19 19.2 93.3 8,295 1.043
20 17.0 100.0 9,555 1.208
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TABLE XVIII
RUN NUMBER 33
N^ = 287.2 
vr
Packing Number: 10
Ambient Temperature: 24°C
Pore Volume (calculated geometrically): 911 t 45 cm.3
(calculated from material balance): 938.6 cm.^
(calculated from Taylor theory): 934.3 cm.^
Volume flowed at time of first sample: 834 cm.3 
Average flow rate before first sample: .0808 cm.^/sec. 
Average flow rate during sampling: .0838 cm.^/sec.
Average overall pore velocity: .0117 cm./sec.
Coefficient of diffusion: 17.7 x 10“  ^cm.^/sec.
____________________________ Sample Data_______________________-
Spectrophotometer Concentration Mean Time Fraction of
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 99 .8 00.1 10,340 .894
2 99.7 00.2 10,460 .905
3 99.2 00.5 10,580 .915
4 98.2 01.0 10,700 .926
5 95.0 02.7 10,820 .937
6 90.7 05.3 10,940 .948
7 84.0 09.8 11,060 .959
8 75.2 16.1 11,180 .969
9 64.5 25.1 11,300 .980
10 53.0 36.0 11,420 .991
11 39.2 53.3 11,540 1.002
12 29.2 70.5 11,660 1.012
13 24.0 81.3 11,780 1.023
14 21.8 86.8 11,900 1.034
15 20.2 91.2 12,020 1.045
16 19.7 92.7 12,140 1.055
17 19.3 93.5 12,260 1.066
18 19.0 94.8 12,440 1.082
19 18.8 95.3 12,620 1.098
20 18.2 97.2 12,800 1.114
21 18.1 97.5 12,980 1.131
22 17.3 100.0 14,660 1.281
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TABLE XIX
RUN NUMBER 34
N^ = 393.0 
vr
Packing Number: 11
Ambient Temperature: 31°C
Pore Volume (calculated geometrically): 1064 * 35 c m . 3
(calculated from material balance): 1078.7 cm. 3
(calculated from Taylor theory): 1075.4 cm.^
Volume flowed at time of first sample: 1001 cm. 3 
Average flow rate before first sample: .190 cm.3/sec.
Average flow rate during sampling: .193 cm.3/sec.
Average overall pore velocity: .0117 cm./sec.
Coefficient of diffusion: 20.8 x 10"® cm.^/sec.
____________________________ Sample Data___________________________
Spectrophotometer Concentration Mean Time Fraction of 
Sample Transmission (Percent of of Sample Pore Volume
Number_______(Percent)______Invading Fluid) (Sec.)_______Flowed
1 98.6 01.0 5,290 .932
2 86.9 08.5 5,410 .954
3 76.9 15.8 5,470 .964
4 71.9 19.8 5,500 .970
5 61.0 29.8 5,561 .981
6 55.8 35.2 5,590 .986
7 45.9 46.8 5,650 .997
8 37.8 58.7 5,710 1.007
9 31.1 70.6 5,770 1.018
10 27.1 78.9 5,830 1.029
11 25.4 82.5 5,860 1.034
12 24.0 85.0 5,890 1.040
13 21.8 92.0 5,980 1.056
14 21.1 93.8 6,010 1.061
15 20.3 96.3 6,130 1.083
16 19.9 97.2 6,250 1.104
17 19.3 99.0 6,370 1.126
18 19.1 99.8 6,490 1.147
19 19.0 100.0 6,790 1.201
APPENDIX E
COMPUTER PROGRAM FOR CORRELATING OBSERVED DATA 
WITH TAYLOR EQUATION
It was desired to find the value of R for each run such 
that when it was used in the following equation, the deviations 
of ■'•hservation from prediction would be a minimum.
c = i - i  <14>
The correlation o f best fit was arbitrarily taken as that 
one which would minimize the sum of the squares of the deviations 
of observed concentration from predicted concentration. The com­
puter program used for finding the best value of R included the 
following steps for the data of each run.
(1) Read and store the raw data (concentration and volume 
flowed at time of sample, and pore volume).
(2) Compute the fraction of pore volume flowed, V, corre­
sponding to each value of concentration.
(3) Let R equal 5. (This value of R was previously found 
to be lower than any actual value that would occur.)
(4) Calculate the sum of the values of the following ex­
pression over all the points:
^ 2  C - 1 - erf R ( ^  )j (E_1:)
In this calculation, use the following approximate expres­
sion^ of the value of erf_/ Z.
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erf Z = 1 - 1/(1 + .278393 Z + .230389 Z2 + .000972 Z3 + 
.078108 Z4)4. (E-2)
(5) Increment the value of R by 5, and repeat step (4).
(6) If the value of the summation has decreased, repeat 
step (5). If it has remained unchanged or increased proceed to 
step.(7).
(7) Decrement the value of R by one-half the last incre­
ment , and repeat step (4).
(8) If the value of the summation has decreased, repeat 
step (7). If it has increased or remained unchanged, proceed to 
step (9).
(9) Increment R by one-half the last increment, and repeat 
step (4).
(10) If the value of the summation has decreased, repeat 
step (9). If it has increased or remained the same, repeat step (7).
(11) Continue this procedure until the increments or 
decrements have an absolute value of less than .0005.
(12) Print run number, C and V for each point, C predicted 
for each point, and sum of squares of deviations.
APPENDIX F
LINEAR CORRELATION OF R WITH Nvr^
It was desired to find (1) the best linear correlation 
between R and Nvr2, (2) the best linear correlation intercepting 
the origin, and (3) the correlation coefficient, s. The formulae 
given below (except for that of the correlation coefficient) are
j.
analytical, based upon the assumption that Nvr2 is observed ac­
curately, and all errors occur in the values of R. They may be
OO
found in standard texts on statistics. The values of the variables 
used in these calculations are given in Table XX.
If the correlation is represented by the following form,
R = a + b Nvr2 (F-l)
where a and b are undetermined constants, then
£  (Nvr'1 - ’iyr'“)2
and
a = R - b Nvr^ • (F-3)
The line of best fit that intercepts the origin is given 
by the following equation.
R = c Nvr^ (F-4)
where c is the undetermined constant.
£  R Nvr%
c = =- ^  (F-5)
1 Nvr
79
80
The correlation coefficient is given by Equation (F-6)
! R £  Nvr%
R Nvr^ - n   (F-6)
J [ Nvt -
\
Thus the following values are obtained.
b = 13^ -6.01 _ .03836.
373,977.5
a = 24.06 - 13.75 = 10.31.
c = l^ .,443-5. = .067.
1,889,597
126,443.5-112,102.8
s =
[[2,044,045-1,670,144] [8220.6-7524.5JJ ^
= .885.
TABLE XX
%
STATISTICAL DATA USED IN CORRELATION OF R WITH Nvr
Run
Number N ^ % r Nvr R R2
A;
R lVr2 (R-TQ (Nvr^-Nvr%) (Nvr%-Nvr^ (R-R)(NVr%-NVr%)
11 274.2 75,180 16.77 281.2 4,598.2 - 7.29 - 84.2 7,089.6 613.82
12 329.9 108,801 19.76 390.5 6,517.8 - 4.30 - 28.5 812.3 122.55
13 148.0 21,904 16.33 266.7 2,416.8 - 7.73 -210.4 44,268.2 1,626.39
16 662.6 438,972 40.59 1,647.1 26,889.6 16.53 304.2 92,537.6 5,028.43
17 464.9 216,123 33.80 1,142.4 15,713.3 9.74 106.5 11,342.3 1,037.31
22 586.7 344,158 30.34 920.5 17,799.0 6.28 228.3 52,120.9 1,433.72
23 633.1 400,866 31.94 1,020.2 20,222.5 7.88 274.7 75,460.1 2,164.64
24 194.2 37,706 17.89 320.1 3,473.9 - 6.17 -164.2 26,961.6 1,013.11
26 282.1 79,568 21.70 470.9 6,121.6 - 2.36 - 76.3 5,821.7 180.09
29 167.9 28,201 18.91 357.6 3,175.6 - 5.15 -190.5 36,290.3 981.08
30 235.9 55,658 22.13 489.7 5,220.9 - 1.93 -122.5 15,006.3 236.43
33 287.2 82,460 23.12 534.5 6,639.1 - 0.94 - 71.2 5,069.4 66.93
34 393.0 154,449 19.48 379.5 7,655.6 - 4.58 34.6 1,197.2 - 158.49
Sum 4,659.6 2,044,045 312.76 8,220.6 126,443.5 373,977.5 14,346.01
R = 24.06
Nvr^ = 358.4
n = number of data points = 13.
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APPENDIX G 
OBSERVATIONS OF OTHER INVESTIGATORS
TABLE XXI
39DATA OF VON ROSENBERG
VARIATION IN LENGTH OF FRONT WITH VELOCITY AND DISTANCE
Length of 
Column, L, 
cm.
Rate 
cc. /100 Sec.
Square Root 
of Rate
Length of 
Front 
cm.
118.0
118.0
118.0
0.25
2.0
15.0
.50
1.41
3.87
6.73
9.20
11.03
57.9
57.9
57.9
0.25
2.0
15.0
.50
1.41
3.87
5.35
6.45
6.95
27.6
27.6
27.6
0.25
2.0
15.0
.50
1.41
3.87
3.92
3.94
3.78
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TABLE XXII 
DATA OF SCHEIDEGGER32 
COMPARISON OF CORE LENGTH, L, WITH "FACTOR OF DISPERSION," D
-  . 5
_____ (Inches)______________________________ (Cm.2/Sec.)_____
30 .0025
60 .0042
120 .0056
150 .0077
270 .0120
300 .0093
APPENDIX H
SPECTROPHOTOMETRIC TECHNIQUE
The sample concentrations were measured with a Beckman 
Model B spectrophotometer. The steps in the prooedure used are 
outlined below.
Cl) Two sample tubes were used. One was used to contain 
the primary standard (clear effluent from the column) and each of 
the samples in turn. The other contained the secondary standard, 
distilled water.
(2) Before testing each set of samples, the instrument 
was adjusted to give 100 percent transmission for the primary 
standard. The transmission of the secondary standard at this 
adjustment was then noted and recorded for future reference.
The wavelength used was 5.5 x 10  ^cm.
(3) The transmission of each sample was then read and 
recorded. The instrument was adjusted during the readings so that 
the secondary standard always showed the same transmission as it 
originally had. Readings were made on each sample until two or 
three consecutive readings agreed within approximately .2 percent.
(4) Then three or four samples of different concentrations 
were made by diluting the invading fluid with measured quantities of 
distilled water. The transmissions of these samples were then used 
as standards for determining the concentration of the samples taken
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from the column. A typical plot of transmission versus concentration 
of these standards is given in Figure 9.
One procedure that was tried in a few of the runs was that of 
taking smaller samples (about one cc.) and diluting them with 
measured quantities of water. This was abandoned, however, as it 
was found' that the errors of dilution were probably as great as 
errors introduced by taking larger samples.
It was also found that a short piece of flexible tubing 
connecting the reservoir of invading fluid with the column was 
reacting with the permanganate solution, thus reducing its concen­
tration. The effect increased as the number of runs increased.
In the later runs, it was found that the maximum concentration 
approached a value slightly lower than that of the pure invading 
fluid. For this reason, only the final sample was used as a 
standard in many cases. Since the final sample was generally 
taken after about 1.5 to 1.25 pore volumes had flowed, and since 
its value was carefully determined, it is believed that no signi­
ficant error was introduced by this procedure.
APPENDIX I
DERIVATION OF EQUATIONS (1) AND (la)
Consider an elemental volume of fluid, &V, with edges 6 X,
$ Y, and & Z, which is oriented so that the edges are parallel to
the corresponding X-, Y-, and Z- axes. Let it be located in the
first octant. The following discussion refers only to the X«faces
of the element, and is extended by analogy to the other faces.
The rate'at which a dispersed material enters the positive
X-face because of molecular diffusion is -D a  z sy) cf^>. The
d X
partial derivative is to be evaluated at the positive X-face. The 
rate at which the material enters because of convection is U,,A
(& Z &Y) C]_, where Ux is the X-component of velocity and C\ is the 
concentration at the X-face.
The rate at which material leaves the negative X-face be­
cause of diffusion is -D C S Z &Y) X^ j . The rate
at which material leaves because of convection is Ux & Z &Y [ ° i + $  
if Ux be constant.
The rate of accumulation of the dispersed material in the 
element is equal to the difference between the entering rate and 
the leaving rate. This is expressed by Equation (J-l).
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c-|f) = - D c <Sz Sy) (-|£) + ux( iz Sy) Cl 
+ d (5 z Sy) ^  (-^§) SxJ - ux ( Sz Sy) ^  + <-|£) ixj
= \^ D " Ux ^  ^ Z’ (J_1)
Where m = mass of material contained by the elemental volume.
Dividing both sides of the equation by the volume, & V, which is 
equal to the product £ X &Y £ Z, the following expression is obtained;
0 - W  (-|f) = D 0— £) - ux (-§§). (J-2)
If the elemental volume be reduced to a point, then (m/ ^ V) 
is the point concentration, C. Then
(if)= D <!f > -u* (i^- CJ'3)
A similar argument is valid for the Y-faces and Z-faces, 
and the following equation is obtained.
<t?1 ■ D + (#) + - [°K (if) + (if)
+ Uz C||)J . (J-4)
This equation is equivalent to Equation (1):
( ~ )  = D V 2C - "v-VC. (1)
For laminar axisymmetric flow in a tube of circular cross 
section, Equation (J-4) may be written in cylindrical coordinates 
in the following form:
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(J-5)
Here, only the spatial coordinates X and r are required, since there
are no concentration or velocity gradients in the 0-direction. The
2
velocity term, UQ (1 - .) , arises from the parabolic velocity
a2
distribution of laminar viscous flow in a circular conduit of 
constant cross section.
If the following substitutions are made, then Equation (J-6) 
may be written: 
r = Za
X = X1 + U0t/2.
Equation (J-6):
Q* C = d + ^ 2c
dz "Sx2
However, with respect to the moving coordinate system, the
point velocity is expressed as UQ (■£ - Z2) . With this substitution,
2
Equation (J-6) may be written as Equation (la), if the term (-^ — £) b
omitted.
(la)
APPENDIX J
SYMBOLS USED
A - cross-sectional area, square centimeters
a - tube radius, centimeters, also undetermined constant
B - volume to surface ratio, centimeters
b - hypothetical tube radius, centimeters, also undetermined
constant
C - mass concentration, volume of invading fluid per unit volume
of resident fluid 
c - undetermined constant
D - coefficient of molecular diffusion, also Scheidegger*s
"factor of dispersion," square centimeters per second, 
also tube diameter where stated 
g - gravitational acceleration, centimeters per second per second
H - volume, cubic centimeters
K - permeability, square centimeters
k - Taylor Diffusion Coefficient, square centimeters per second
L - column length, centimeters
1 - a specified length, as length of front, centimeters
N - (DL/UK), dimensionless
P - porosity, dimensionless
p •• head, centimeters of fluid
q - volumetric flow rate, cubic centimeters per second
R - artificial parameter, dimensionless
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radial co-ordinate, also particle radius, centimeters 
particle surface, square centimeters 
correlation coefficient 
time, seconds
velocity, U0 = maximum velocity, centimeters per second
fraction of pore volume displaced, dimensionless
velocity vector, centimeters per second
pore volume, cubic centimeters
r/a, also artificial variable used in examples
a constant of proportionality
viscosity, centipoises
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